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Abstract
In this talk I explain, in a self-contained way, Kanatchikov’s approach to field quantization. I introduce
the graded Poisson brackets and apply the Dirac algorithm of quantization to obtain the operators
associated with each classical observable. I discuss several problems of Kanatchikov’s quantization map,
including the emergence of non-commutative and non-associative algebras. Finally, I explore a systematic
approach based on geometric quantization, leading to higher geometric settings in which quantization
becomes possible.

1 Multisymplectic, brackets and canonical relations

The dynamical equations of a field theory, with fields 3(2*) and lagrangian density £, are given by the
Euler-Lagrange equations:
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In the hamiltonian multisymplectic formalism, we define the multimomenta as:
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so that there are several momenta for each field, corresponding to each of the directions in spacetime.
The space (y*,pl',z*) is the multisymplectic phase space, which has a canonical structure given by a
closed, non degenerate (n + 1)—form:

Q=dy' Ndpl' Nd" ", (3)

(For this discussion, I will work with this differential form, but if we want to include the dynamics we
can add the dp A d"z term and the constraint p = —H)

This multisymplectic form allows us to establish a mapping between certain observables (differential
forms that can be integrated over hypersurfaces) and multivectors via:

LXFQ =dF (4)

if Fis an f—form, then Xp is an (n — f)—multivector.

Multivectors have a natural algebraic structure when endowed with the Schouten-Nijenhuis bracket
(which is a generalization of the Lie bracket of vectors). By doing this association, observables can in-
herit this algebra structure by defining the Poisson bracket as:

e x)2 = d{F. G} (5)
The bracket can be explicitly computed as|1]:
{(F,G} = (—1)" T hix ix,p,dQ = (—1)" T lix dF = (-1)/9Lx F (6)
We can compute this bracket for several fundamental observables to describe the canonical relations:
'y} =0, {pfd" ta,pid e} =0, {ypfd e} =0 (7)
Wy d ey =0, =0 (phyd ) = ol (8)



2 Kanatchikov quantization
To quantize, we are going to apply the Dirac quantization algorithm|2]:
law"), (@ d™ )] = ihsh, g, a(y?d" )] = ihsl sl (9)

and we will work in the field representation, so that the operator §* acts simply as multiplication by .
In analogy to quantum mechanics, we know that the first commutator implies the following:

0
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q(pf'd" ") = —ih (10)

Now we will find the expression for ¢(p!') and q(d”_lxu) separately. For that, we are going to assume
that g¢(pf'd"'z,) = q(p!")q(d"*z,), and the same for q(y'd"'z,) = q(y")q(d"*z,).

First problem: Why should we split the operator ¢(p/d"~"z,) into q(p})q(d""z,)? These are three
different observables and therefore should correspond to different operators. Quantization is not expected
to preserve the product, see for example the approach of geometric quantization.

Let’s admit that the splitting can be done and compute the values of ¢(p!') and ¢(d" 'z,) using the
other commutator. For that, we make the following ansatz for the form of the operator q(pg ):

q(p}) = ihat'0; (11)

Second problem: This ansatz may not be the one needed to quantize the full algebra of observables,
even though it works for these particular ones.
Substituting the ansatz in the commutator:

[ihat0;, y7 q(d" o) = ihat0; (v q(d” o, )¢) — ihy! q(d" 'z, ) ot 00
= ihoc“dfq(d”flxl,)w + ihaty? q(d" a0 — ihyd q(d" e, ) O (12)
= iha“éf-‘q(d"*lxl,)@b + ihy’ (q(d”flxy)a" — a“q(d”flxy)) 0
And given that this has to be equal to multiplication by zh(S; 4}, we make the following two equalities:
arq(d™ta,) = -, q(d"tx)ot — atq(d" ) =0 (13)

Therefore we are searching for values such that they commute and the multiplication gives the delta.
Here Kanatchikov proposes the values for a# and ¢(d"~'x,) in a Clifford algebra, so that they fulfil these
expresions:

_ 1
at = kyH, q(d" 19@) = ;’yﬂ (14)

So that, finally, the three operators are:
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qw') =y, qlp)) =ihky oy g(d" " wu) = —u (15)

2.1 Why Kanatchikov quantization is not correct and how it can be fixed

Third problem: This quantization does not hold.
This is easy to see. Clifford algebra is not commutative. Therefore, if we check the second condition for
the algebra:

o)t - ool ) = (o) (1) = () (0%)

=y, — At
= —29,9" + 2%

(16)

which is nonzero, so the Clifford algebra does not satisfy the algebra conditions.



However, if we take the symmetrization of this Clifford algebra, both equations are fulfilled. Let us
denote by ® the operator that ONLY symmetrizes the Clifford algebra, and not the rest of the differential
operator. Then:

al ® Q(dnilmu) = 7“ O
1 s (17)
= 5 (V"W + ") =
and, by definition of the symmetrization, the second algebra condition also holds.

This is the Jordan algebra associated with the Clifford algebra. Note that this Jordan algebra is not

associative:

1 1
a®(boc) = §a®(bc+cb) = Z(abc—i—acb—&—bca—kcba) (18)

1 1
(a@b)@c:§(ab+ba)®c:K(abc—l—bac—&—cab—l—cba) (19)
therefore a ® (b ® ¢) # (a ©® b) O c.

Theorem: For n > 2, it does not exist any associative algebra satisfying the following two conditions:
prow, =6k,  plow,—w,opt =0 (20)
Proof. We can prove this by contradiction. By hypothesis, if we take the index 4 = j in the first equation,
we obtain ];’ ow; = 1. Now, we can multiply this equality on the left by some pA’f, with k # 7 and k # j,
obtaining };k o ;z;\l ow; = pA’C But since 1;1 and w; commute, by the second equation, the equality can be
written as ﬁf owj o 1;1 = pAk . However, since k # j, by the first equation the product on the left-hand side is

zero, which implies that p* = 0. But this argument can be repeated for all indices k, so that p# = 0, which
contradicts the initial assumption, namely, that g/)ﬁ o, = ok. |

First solution: redefine the commutators with the Clifford algebra symmetrization product. In this
way, the commutators will be defined in this way:

[A,B|=A0B-BoA (21)

In this way, the quantized operators that Kanatchikov proposes fulfil the canonical commutator relations.

For me, this is kinda arbitrary, so I prefer the second solution.

Second solution: redefine the Clifford algebra elements with the symmetrization product inside, i.e.,
the algebra elements act by symmetrizing whatever they acts on:

. . . N n— 1
ay ) =y,  qOl) =ihky" © q(d" tx,) = ~W® (22)

oy’
For Kanatchikov, however, this cannot be, because v#~" seems to be important in his theory of quantum
gravity.
This is equivalent to, rather than working with the Clifford algebra elements, working with its sym-
metrization, leading to a Jordan algebra:

R /7% e e
Y O :% (23)

Fourth problem: The metric, and therefore the Clifford algebra, is not a canonical structure of the
multisymplectic phase space, and should not be used for quantization.

2.2 Examples
2.2.1 Scalar field
The hamiltonian of the free scalar field with mass m is given by:
P ime
09?2 h?

The eigenvalues and eigenstates of this operator are given by:

N r ,/m 1m [m _
,Hnwn = 77n¢n’ wn = ﬁ \/;exp <_2hl€¢2) Hy, ( hlﬁ:¢> ; M = ch(n + 1/2) (25)

N 1
H= 7;12»;2 »? (24)



2.2.2 Spacetime evolution
The Schrodinger equation is the following:
ithky" © 0,V = HoU (26)

If we assume that the DW Hamiltonian does not depend on the spacetime coordinates explicitly, we can
do variable separation and write:
ikt © 0,0 =7 O (27)

where n are the common eigenvalues of the operators of spacetime evolution and the hamiltonian. Note
that 7 is possibly Clifford algebra evaluated. We now try to solve this equation for a given 1. We take

¥ =, + " and n = . +nuy*
ik, (7" © (n +7")) = (0 +17") © (Vs +907") (28)
The ® product is distributive, so we can write this equation as:
ihEDL (Y™ + Y™ © ) = et + 0" + YY" + Nt © 7" (29)
And using v* @ ¥ = pH¥:
K0P + ihKO " = nths + 0™ + (a4 nxtbp) ¥ (30)

so that, equating both sides termwise, we obtain the following system of differential equations:

ihkO " = nb, + npt (31)
ihKO, Y = Nt + iy
This system of equations can be written in terms of Duffin-Kemmer-Petiau matrices:
(thkpr0, — E)¥ =0 (32)
where:
01 0 0O 00 -1 0 O 000 -1 0
10 0 0 O 00 0 0O 0 00 0 O
=10 0 0 0 Of, gt=|(1 0 0o 0 0], g2=[0 0 0 0 o (33)
0 00 0O 00 0 00 100 0 O
0 00 0O 00 0 0O 000 0 O
0 00 0 —1 M« Mo T N2 M3
0 00 0 O n m 0 0 0
g2=(0o 0 0o 0 o], E=|m 0 —-n 0 0 (34)
0 00 0 O ne 0 0 —-n 0
100 0 O ns 0 0 0 -

It is interesting to note that this Duffin-Kemmer-Petiau matrices and the corresponding equation were
already created in 1930s decade to model scalars and vector quantum fields simultaneously. However, the
definition of this algebra of matrices uses the metric:

prBYBr + BPBY B = BrP 4 B0 (35)

A possible relation here with the canonical form (so that we don’t use the metric in the quantum field
theory formulation) is that, only in the case of a euclidean signature, and using Z* = (¢, p°, p!, p?, p*) as local
coordinates, the Hamilton-De Donder-Weyl equations of motion can be written in terms of this matrices|3]:

. O0H
B2 = 5 (36)




which is analogous to what can be done with the symplectic form using z = (¢, p) and wd;z = 9, H.
The general non-trivial solution of the system of differential equations is:

zt v .
oo f A () nren () o .
A (exp (ikyat) — Fmﬁ;‘%'y“ exp (z’k#x”)) if g, #0
where n,, is any divergenceless vector and &, is any vector fulfilling the following condition:
773 = (hrky + nu)2 (38)

2.2.3 Full expression of the vacuum scalar field wave function

For the scalar field, we found previously the eigenvalues of the hamiltonian, which is the right-hand side
of the Schrédinger equation. Therefore 1, = kmc(n + 1/2). This solution has no Clifford part, so the only

contribution is the one of 7,:
W m 1m 4 1
- - == 39
%o ,/mexp( Was) n= Lrme (39)

The full expression of the wave function will be the product of the spacetime evolution wave function
and the field part. Recall that the spacetime evolution is given by:

hrk, 4+ 1,

*

Up(zt)=A (exp (tkyzt) — v exp (ikux”)> , where 7} = (hrk, +1,)* =0 (40)

In this case, n, =0, so, k, k" = (g—;)z, with 7, = %mnc, and the wave function simplifies to:

2h 2
U, (M) =A (exp(ik,ﬂc“) - %k,ﬂ“ exp(ik,w“)) ) where k, k" = (%) (41)

We can write this in a more simplified version if we use u, = 2

k, is some unit vector:
me' "k

U, (zt)=A (exp (i;n—;u“x“) — u,y* exp (igl—hcuuz”)) (42)
The full expression of the wave function for the vacuum is:

me 1m

U, o(p,2") =B (exp (z o uux“> — u,y* exp (z%u,@“)) exp (_2h/§¢2> (43)
where we have reabsorbed the term {/-7- into the multiplicative constant.

2.3 Problems of non commutative and non associative algebras for quantum
mechanics

Fifth problem: Diagonalization of matrices evaluated over Clifford algebras is non-unique.

To see this, the first thing to ask is whether, over a non-commutative ring, the left inverse of a matrix is
the same as its right inverse. The answer to this question is that if a matrix A admits a left inverse such that
AZlA =1 and a right inverse such that AA]}1 =1, then both inverses are equal, as can be verified below:

Apt = ADHAARY) = (A1) AR = AR (44)

Sixth problem: This is no longer true in the Jordan algebra of the symmetrized Clifford algebra. In
this setup, diagonalization makes even less sense.

Now, if we want to write a matrix M in the form PDP~!, the matrix D will correspond to the right
eigenvalues of the matrix, that is, Mv; = v;\;, while the change-of-basis matrix P will consist of the matrix
whose columns are the eigenvectors associated with the eigenvalues appearing in D. We can verify this as



follows: suppose there exist P and D such that M = PDP~!, where D is a diagonal matrix with elements
i, meaning that De; = \;e;. We define v; = Pe;. Then, by multiplying M by v;, we obtain:
Mv; = PDP™ ',
= PDP~!(Pe;)
= PDe;
= P\e;
= Pe; \;

=vi\;

(45)

That is, the elements of the diagonal correspond to the right eigenvalues Mv; = v; \;, as we wanted to prove.

A difference compared to what happens in linear algebra is that, if a vector v; is an eigenvector with
eigenvalue \; of a matrix M, then awv; is not necessarily another eigenvector of M. That is, span{v;} is not
necessarily an invariant subspace. Instead, we have the following two theorems:

Theorem: If v; is an eigenvector of M over an R-module with eigenvalue \; € Z[R], then v;« is also an
eigenvector of M for all « € R, and span{v;} is an invariant subspaceﬂ

Theorem: If v; is an eigenvector of M over an R-module with eigenvalue \;, then av; = v;« is also an
eigenvector of M for all o € Z[R], and {awv; : « € Z[R]} is an invariant subspace.

Proof: By the hypothesis of the theorem, Mv; = v;\;. If we multiply on the right by «, we obtain
Muv;a = vi\jae. If A; commutes with all elements of R, then M (v;a) = (v;«) \;, which proves the first theorem.
If, on the other hand, it is a that commutes with all elements of R, then M (v;a) = (v;a)\; = (aw;) A, which
proves the second theorem.

Example: Let us compute the right eigenvalues of the following matrix:

M= (2) 600) (46)

We seek eigenvalues and eigenvectors Mv; = v;\; of the form:

(Oo 65)) @ B (ﬁ) (47)

That is, we want to solve the following system of equations:

{eoy =zA (48)

er = YA

Multiplying the first equation by ey on the left we obtain y = egax\, and substituting into the second
equation:
eor = egz A = N2 =1 (49)

The equation A2 = 1 has uncountable many solutions in Clifford algebra, so the matrix has infinitely many
right eigenvalues Mv; = v;\;, including A = £1, A = £ep, A = *e;, and others of the form bey + ce; + degey
where b2 + ¢ —d? =1, such as A = eg + e1 + egeq or A = 5eg + 5eq + Tegeq.

As we have mentioned, the right eigenvalues coincide with the diagonal form of the matrix, so it can be
diagonalized as P~'DP in different ways:

M /s eofo 1 0 1 1 M— a1/ epg O 1—eger 1+ egey
T\l —eofp)\O —1)\eg —egp)’ T \lf eoerfp)\ 0 e ) \1+eer —1—eper)’

M= 1 1 eg + e1 + eper 0 1/2 — 60/2 + 61/2 1-— %61 — €epé1
T \14e;+eger 5+ Te; + degey 0 5eq + ey + Tepey lpateofa—eifp —1+4 %el + eger

(50)

1 Z|[R] denotes the center of the ring, that is, the set of elements that commute with every element of the ring. In the case
of Clifford algebra, these are only the real numbers.



among others.

Note: Not every pair of eigenvalues can be used to write the matrix M in its diagonal form, since some
matrices formed by the eigenvectors associated with those eigenvalues might not be invertible. Notice that
the vectors do not need to be linearly dependent for the matrix to be non-invertible. For example, the
following matrix, corresponding to the eigenvectors for A = 1 and A = e, is not invertible:

u- (1)

In general, there is not necessarily an analytic algorithm to find the eigenvalues (and, therefore, the
different diagonal forms) of a matrix. In this case, we were able to find them analytically due to the
simplicity of the proposed matrix, but let us see what happens with a different matrix.

Example: Let us compute the right eigenvalues of the following matrix:

M= (221 i?) (52)

We seek eigenvalues and eigenvectors Mv; = v;\; of the form:

<221 65)> @) - (;Ci) (53)

That is, we want to solve the following system of equations:

{ ey = T\ (54)

2e1x = YA
Multiplying the first equation by ey on the left gives y = egx A, and substituting into the second equation:
2e1x = egr\? (55)

In this case, we cannot cancel x, because it is in the middle of the expression, so we cannot multiply by
its inverse from either the left or the right to cancel it.
One thing we can do here is to set £ = 1 to find the eigenvalue in this case. For example:

26061 = )\2 (56)
Assuming an expression A\ = a + bey + ce; + deger, we obtain:

A+ 4+ —d?>=0

2ab =10

(57)
2ac =0
2ad =2

Thus, we conclude that b = ¢ = 0 and a? = d?, hence a = +d. Finally, we obtain the eigenvalues A = 1+egey,
A= —1—egey, A =1—ieger, and A = —i + iegey.

However, if we had chosen a different value for z, for example x = eg, we would have obtained a different
equation:

2e1e0 = A2 (58)
leading to the following eigenvalues: A =1 — ege;, A = —1+ eger, A =i+ ieger, and A = —i — iegey.
Thus, this matrix can be diagonalized in multiple ways:
1 1 1+ eper 0 1/2 l(60 + 61)
M = 4 59
(60 +e —eg— 61) ( 0 —-1-— 6061) <1/2 —i(eo + 61) ( )
- €0 €0 1 —eges 0 60/2 i(l + 6061)
M= (]. — €p€1 -1+ 6061) ( 0 -1+ 6061) (60/2 7%(1 + 6061) (60)



Or we can even mix the eigenvalues obtained by the two different methods:

wo( L Y[t 0 Yk e -
eo+er —1+eger 0 —1+ egpey cf2 —z(1+eger)
Again, the matrix cannot be diagonalized with just any pair of eigenvectors. For example, the eigenvector
( 1 >, with eigenvalue A = 1 4 egey, is proportional to the eigenvector ( € ), with eigenvalue
ey + e 1—eper
A =1 —epeq, so the matrix they form is not invertible.

2.4 Casimir effect

Let’s study the symmetry of the scalar field under diffeomorphisms z# — z# — £#(x). The vector
generating this transformation in the multisymplectic phase space is given by the lift of the vector —£#0,, to
the multisymplectic phase space|4]:

Ve = =10, — (p70,8" — p"0,€") Opn (62)
The observable associated with this vector field via 1y, {2 = dG¢ is given by:
Ge = €" (p'dp ANd"*xp +HA" ') (63)

This observable is related with the energy-momentum tensor of a scalar field. This can be understood if
we evaluate this operator on a section 1 = (¢(a*), p¥ (z*), z*):

G = & (P 0apdz™ Nd" "z + Hd™ 2y,)
=& (p" 0 (05 d" 'y — 63d" ) + HA" My,
= (p"0upd"  ay, — pOagpd™  y + Hd )
=& (p"Oupd"a, — LA™ y,)
=& (p"0ug — S,L) d"
= g”T:d"ilxu

where we have defined T}, = p”0,,¢ — 0,,L as the energy-momentum tensor. This differential form can be
integrated over a constant time hypersurface X to obtain the total energy and momentum of the configuration:

Qg:/g“TSde, E:/ng%, Pi:/TiOd?’x (65)

To obtain the energy-momentum operator in Kanatchikov’s quantization, we compute the Poisson bracket
with respect to the other observables of the theory:
{F,Ge} = {F,&" (p"dp Nd"*wpy + Hd"'a,)}

66
= L\/& dF ( )

For the different basic observables of the scalar field we obtain:

{0.Ge} =0, {p",Ge} = —p 08" —p"0,€", {2V, Ge} = ¢~ (67)

From now on, we will assume that the vector field £ is constant in the basis we are working, so that
0,&" = 0. This is the case for measuring the energy and momentum of the field with the vectors 0; and 9;.
In this case, the graded Poisson brackets are:

{6,Ge} =0, {p",Ge} =0, {a",Ge} = —¢+ (68)

When quantizing the energy-momentum operator we promote the Poisson brackets to commutators of

operators: X
[xA#, Ge| = —ihg* (69)



If we work in the spacetime representation, so that Z* = x* is just the multiplication, then the energy-
momentum operator takes the form:

A 0
Ge = ih§ — 70
¢ =gt o (70)
Now let’s apply this to the case previously computed of the vacuum state of the scalar field:
1
v,=08 (exp (i%u#x”) —u, Y exp (z;n—hcu#x“)> exp (—2;;&) (71)
Applying the operator Gg on this wavefunction:
N 1 "
GV, = —§mcuu§ v, (72)

Therefore the zero point wavefunction of the scalar field is also eigenstate of the energy-momentum
tensor, with real eigenvalue —%mcuufﬂ. Note that u, is a timelike vector, given that u,u* = 1. If we want
to compute the total energy of the system, we have to choose another timelike £# = (1,0, 0, 0), so the product
u,&* is going to be positive and, therefore, the energy:

1
(p“de N d" 2z, + Hd"ag) = —5meo (73)

I still haven’t done an interpretation of the expected value of a differential form to be a constant. Note,
however, that this expected value is negative, which may have implications on Casimir effect.
This is not, however, the expected result. The usual Casimir effect has the following expression for the

pressure:

her?
P =304 (74)

In fact, we haven’t used in any moment of the derivation that we are between two plates in where
the field vanishes. Taking this into account is, however, much more complicated that expected in the
multisymplectic formalism. This is because in the usual formulation, the field ¢ is forced to vanish at z = 0
and z = a. However, this imply knowing the full configuration of the field, both its value and its velocity,
which violates the uncertainty principle. An option one can consider within this formalism is to make wave
function to vanish at * = 0 and = = a, appearing as a boundary conditions in the solutions of the integral
U(p,t,0,y,2) = VU(p,t,a,y,2) = 0. However, this leads to nothing because imposing this conditions in the
Schrédinger-Kanatchikov equation implies that the wave function is zero everywhere, because the left-hand-
side of the equation is first order in derivatives, so there is no Sturm-Liouville equation, on contrary to the
right-hand-side of the equation.

Making a field to not contribute in the computations after some point of the spacetime is like making a
particle disappear at some point of time, and this cannot be modeled within the usual framework of quantum
mechanics.

3 A different approach: geometric quantization

3.1 Geometric quantization for particles

Quantum systems can be obtained from classical systems by canonical quantization, which consists in
finding a C—linear malﬂ q : obs — End(H) fulfilling the following two Dirac conditions|5]:

(D1) ¢(1) =1
(D2) [q(F),q(G)] = ihg({F, G})

2Here observables are C°° functions of the phase space.




where [+, ] is the usual commutator of operators.
In fact, this quantization map ¢ is an algebra morphism between (obs, {,-}) and (End(H), [, ]).
Ansatz: Let ¢(F) = F1—ihLx, — 0(Xr)], such that it acts on functions ¢ € H in the following way:

lg(F)](¢) = Fyp —ihLxp1p — O(Xp)d (75)

Theorem: The map ¢(F) is C—linear, and satisfies (D1). Moreover, it satisfies (D2) iff w = —d#.

Proof: (D1) is trivial because the vector field associated with the constant functions via txw = df is zero,
so the only contribution for constant functions is g(A) = AL

Now we will check (D2). Let u(F) = (F — 6(XF))I denote the multiplicative part of the quantization
map. Then:

[4(F), a(G)] = (=ih)?[Lxp, Lxg) — R[Lxp, p(G)] — ih[u(F), Lx] + [1(F), u(G)] (76)

The first bracket:
[‘CXFWCXG] = £[XF7XG] = _’CX{F,G) (77)
The second bracket:

and therefore:

(79)
= {u(@), F}
Similarly, the third bracket:
[W(F), Lxe] = —[Lxg, m(F)] = —{pu(F),G} (80)
And multiplication commutes, so the fourth bracket is zero. The full bracket is therefore:
[a(F),a(G)] = = (ih)*Lx 5,6, + ih{F, u(G)} + ih{p(F), G} (81)

=ih (2{F,G} - ihLx oy —{F0(Xa)} — {0(XF), G})

So, if we want the second Dirac condition to be fulfilled, this has to be equal to the quantization of the
Poisson bracket:

[a(F),q(G)] = ih ({F,G} = ihLx(p o, — 0(X(ray)) (82)
This is only true if and only if:
_H(X{F,G}) = {F’ G} - {Fa G(XG)} - {Q(XF)7 G} (83)
or, reordering:
{F.G} = —{0(Xq), F} +{0(Xr), G} + 0([XFr, Xc]) (84)

Now we can use the following formula the Poisson brackets:
{F,G} = w(XF, Xc) (85)
and the following formula for the exterior derivative of a 1-form acting in two vectors:

dd(Xr,Xc) = Lx,0(Xa) — Lx,0(XFr) — 0([Xr, Xc])

86
— {6(Xe). F} — {6(X1). G} — 6([Xp Xcl) (%)

Therefore, we can rewrite eq. with egs. and as:
w(XF,Xg) = —dG(XF,Xg) (87)

10



Therefore the form 6 has to be a symplectic potential. O

Problem: This map is not canonical because it depends on the choice of symplectic potential.

Problem: The operators obtained by this method are not the usual ones. For example, if we take
0 = p;dq’, the quantum operators are given by:

api) = —in-2- (8)

q9(q") = ¢' +ih 3

opi’
In fact these operators are not a irreducible representation of the canonical commutation relations. It is
necessary to apply other techniques (such as polarization) to obtain the correct ones.

Remark: The term Vx, = Lx, — $0(XFr) can be understood as a connection on a complex line
bundle with curv(V) = —%w. This will be useful later for the generalization to a multisymplectic formalism,

_i

searching for a connection whose curv(V) = —#

3.2 A geometric approach to quantization of fields

We are going to generalize the previous conditions to observables that can take values in the algebra of
forms. My proposal is the following:

1. (D1) If dn = 0, then ¢(n) = nl.
2. (D2) [q(F), q(G)] = ihq({F,G}).
where [A, B] is the Schouten—Nijenhuis bracket, defined byﬂ
[A,B] = AB — (-1)|4IIBIB4 (89)
and the Poisson bracket:
{A,B} = (-1)" "ty ix,0 (90)

Again, we are searching for an algebra morphism ¢ : (obs, {-,-}) — (end(H), [, -])
Ansatz:
q(F)=F —ihLx, — O(XF) (91)

You can try with this kind of operators but find that no one fulfils these conditions.
However, we can find a subalgebra of the algebra of observables that can be quantized in the geometric
style, but using multivectors instead of vectors:

q(¢) = ¢
A($d*1z,) = gd" 1z,
qptd" 'x,) = —ihLo, (92)
a(p;) = _ihﬁ(‘)cp/\al/\---Aéqu-~~A8,,L
o) =,

You can prove that these operators fulfil both (D1) and (D2).
This is now better than Kanathikov’s approach because we obtain the same operators as him, but we
don’t need to work on Clifford algebras, but on exterior algebras, which are more natural for field observables.

3.3 No-go theorem for geometric quantization

Theorem / Conjecture: There exists no algebra morphism ¢ : (obs,{-,-}) — (End(Q),[-,]) that
satisfies the following two conditions:

(D1) If dnp = 0, then q(n) = 7.
(D2) [¢(F),q(G)] = ihg({F,G}).

3This bracket satisfies [P, Q] = —(—1)—D{e=D[Q, P]:
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Proof: We proceed by contradiction and assume that there exists a map satisfying both properties. Let
us start from the following expression for the Jacobiator for (n — 1)—forms:

Jac(av ﬁv ’Y) = {aa {ﬁv ’7}} + {ﬁv {’77 a}} + {’77 {av ﬁ}} = d(LXa >¢ LX—YQ) 7é 0 (93)
Applying the quantization map to both sides, we get:
a({e, {8,711 + a({B8. {v, a}}) + a({r. {@, B}}) = a(d(ex, tx,tx, ) (94)
On the left-hand side we apply (D2), and on the right-hand side (D1):
—%([Q(@)7Q({577})] +[a(8), a({v, a})] + [a(v), a{e, BY]) = dlex,ex,ex, ) (95)

Applying (D2) again to the left-hand side:

5 (1a(@), (9. a1 + (). Ta), a(e)]] + a3, o), a(B)]) = dlox,ix,ox, ) (96)

However, the Schouten—Nijenhuis bracket does satisfy the Jacobi identity, so the expression reduces to:
0= d(LXa LXﬁ Lx,Y Q) (97)

But this is not true in general, and therefore we reach a contradiction. This contradiction arises from
assuming the existence of a quantization map satisfying (D1) and (D2) for (n — 1)—forms, and hence we
conclude that no such map exists.

This proof is, however, not rigorous enough, because we have only considered that g(a) is a degree—1
operator if a is an (n — 1)—form. For different degree operators (and possibly a combination of different
degrees), a graded Jacobi identity is satisfied, so signs has to be taken into account. A full proof is left as
an exercise for people smarter than me. O

3.4 Alternative: higher categories and gerbes

The fact that the existence of this map fails due to the Jacobiator suggests that we should not look for
an algebra morphism, but rather for a morphism of higher categories.

We recall that the prequantum operator in particle mechanics can be obtained from ¢(F) = F —ihV x,.,
where Vx = Lx — % (X) can be understood as a connection on a U(1)—principal bundle with curv(V) =

_i

Fw. A natural generalization for multisymplectic formalism is to search for a generalized notion of a
principal bundle in higher categories, so that we can find a generalization of a connection V whose curvature
is given, not by a 2—form, but by a (n + 1)—form, so that it is possible to find curv(V) = —4Q. As far
as I know, this can be done via gerbes. For n = 2 (i.e. for a multisymplectic 3—form), a U(1)—gerbe is a
categorified line bundle, or a ”bundle of line bundles”, that replaces the transition functions with ”transition
line bundles”, that satisfy certain compatibility condition on triple and quadruple overlaps of the open cover.
The analogous of a connection here is a pair (Bq, Aag), with B, defined at every patch U, of an open cover
and A,p defined at every intersection U, N Ug. The 3—curvature can be computed by F' = dB,.

The following table has been obtained from [6] and summarizes the geometrical objects used in quantum
mechanics and their equivalent higher geometric structures.
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symplectic geometry

2-plectic geometry

degree of
differential form

2

3

(EX'cL['I'lplCS

cotangent bundles

exterior square of cotangent bundles

coadjoint orbits
of Lie groups

compact simple Lie groups

classical field theory

physical objects

particles

strings

observables

Lie algebra of functions

Lie 2-algebra of
Hamiltonian 1-forms

measurement

o = point in phase space

x— f(x)

v = path in multiphase space
v [ a

prequantization

prequantum structure

principal U(1)-bundle
with connection
or
Hermitian line bundle
with connection

U(1)-gerbe
with 2-connection
or
2-line stack
with 2-connection

local data for
prequantum
structure

Deligne 1-cocycle:
transition functions,
1-forms

Deligne 2-cocycle:
transition functions,
1-forms, 2-forms

infinitesimal symmetries
of prequantum structure

Atiyah algebroid
(Lie algebroid)

Courant algebroid

(Lie 2-algebroid)

quantization
R*\ {0}, R3\ {0},
example
w = df w=dB
olarization concentric circles concentric spheres
p p

Bohr-Sommerfeld

Jq2 B € 2miZ

condition
quantun wavefunctions of representations
states harmonic oscillator of SU(2)

4 Annex: sign conventions

References

LXFQ =dF

[A,B]=AoB—(-1)4IBIBo A
‘CXF = dLXF - (—1)n_fLXFd

[»CXpa‘CXG] = L:[XF7XG] = _'CX{F:G}
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